
Polymer Bulletin 14, 479-485 (1985) Polymer Bulletin 
�9 Springer-Verlag 1985 

Some Remarks Concerning the WLF-Relation 

Hans-Adam Schneider, Michael-Joachim Brekner, and Hans-Joachim Cantow 

Institut for Makromolekulare Chemie der Universit~it Freiburg. Hermann-Staudinger Haus, 
Stefan-Meier-StraSe 31, D-7800 Freiburg, Federal Republic of Germany 

Herrn Prof. Dr. B. Vollmert zum 65. Geburtstag herzlichst gewidmet 

Summary 

The l imi ta t ions of  the WLF-relat ion are discussed wi th respect to their  inherent 
demands concerning universal i ty.  The problem of  the reference temperature is 
discussed in some detai l ,  and their  constants are re lated to the temperature Too where 
the apparent act ivat ion energy of  f low gets inf in i te,  as well to the character ist ic  
act ivat ion energy of viscous f low at in f in i te ly  high temperature,  Eoo �9 

It is concluded that the use of  exper imenta l ly  derived temperature dependent 
apparent act ivat ion energy of  f low, E(T), f rom the slopes of  crossing isochrone and 
isotherm viscoelast ic curves substitutes the WLF-relat ion favourably.  Thus, the 
problemat ic  choice of  a reference temperature is avoided. The two k inet ica l ly  specif ic 
constants, E= and T co , may be admi t ted to character ize the energet ic and entropic 
contr ibut ion, respect ively, to the viscous f low. Experimental  data are presented 
for some polymers. 

Introduct ion 

In rheology the WLF-relat ion is st i l l  the most used equation for  representing 
the temperature dependence of  the viscoelast ic propert ies o f  polymers although 
it is well known that the ARRHENIUS law is respected at higher temperatures 
(suf f ic ient ly  above Tg). In i t ia l ly ,  however, i t  was at tempted only by the WLF-relat ion 
to corre late the exper imental  deduced shif t  factors for construct ing composite curves, 
start ing with isothermal rheological data. 

The controversy concerning the "universal i ty"  of  the equation is connected in 
fact wi th the need of  choice o f  a reference temperature which has been desired 
to be universal. Both Tg and T o were proposed as reference temperatures 1) Whereas 

choice of  Tcj is sup~oorted by the DOOLITTLE "hole" model of  viscoelast ic f low, 
T O actual ly  is an-arbi t rary reference temperature at al l .  

Theoretical consideration 

The well known WLF-relat ions depending on the choosen reference temperature 
are 

log a T = - c lg(T-Tg) l (c2g + T - Tg) 

and 

log a T = - c1~ ~ + T - T o ) 

wi th the fo l lowing correlat ions between the constants- 

(I) 
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clgc2g = ciOc2~ = constant , 

T g - c 2 g =  T o - c 2  ~ =Too (2) 
and 

T o -  Tg = c2O - c2g= 101.6 - 51.6 = 50 ~ . 

The corresponding "universal" values of  the c I constant are c l g  = 17.44, ci ~ = 8.86. 

From the equations (2) i t  is evident that beside the WLF constants there exist 
two other constants, the product ClC 2 and T~o , respectively, which are independent 
of  the chosen reference temperature.  

Consequently, the WLF-relat ion may be rewr i t ten  

log a T -- - c i ~  + c1~176176 ) -~ C' + B'I(T-TOO ) (3) 

which shows that the WLF-relat ion f ina l ly  is re lated with the older TAMMANN 
equation 2). Due to the s imi la r i ty  of  this last expression wi th an equation suggessted 
f i rst  by VOGEL 3), Too is of ten cal led "Vogel" temperature.  

Equation (3) again demonstrates the dependence of  the WLF-relat ion on the 
reference temperature T o . The der ivat ive,  however, is depending only on the two 
constants ClC 2 and Too. 

The in i t ia l  assumed universal i ty of the WLF constants is contradicted not only 
by the experiment,  but also by the GIBBS-DI MARZIO theory of glass transit ion. 
Applying stat ist ical  thermodynamics and assuming a real second order transi t ion 
at a temperature,  T2, far below T~, character ized by a cr i t ica l  entropy o f  
conf igurat ional  change, Sc*, GIBBS a n ~ A D A M  4) get a WLF like expression, which 
def in i te ly  contains a temperature var iant  c 2 constant, 

c2~ = a2(T) = T o In(To/T2)/[ In(To/T2)+(I+To/(T-To))In(T/To)] . (4) 

The c 1 constant, on the other hand, is re lated to the cr i t ica l  conf igurat ional  entropy 
connected wi th the mobi l i ty  of  the polymer chain, 

c l O = a  1 = 2.303(A1JSc*)/[ACpToln(To/T 2] . (5) 

Thus c1~ is at least a polymer specif ic constant. Considering that in fact  the 
product c1~ ~ is the actual temperature invariant constant, Cl ~ has to be 
temperature dependent also. 

Beside the WLF-relat ion an Arrhenius l ike expression is e f fec t ive  at higher 
temperatures, which is deduced assuming the va l id i ty  of  EYRING's transi t ion state 
model for the viscous f low 5 )  When wr i t ten for the temperature dependence of  
the viscoelast ic isotherm shif t  factor,  l oga  T, the ARRHENIUS equation yields the 
expression 

log a T = (E/2.3 R)(T - I  -Tg - I  ) =- -(E/2.3 RTg)[(T-Tg)IT] .  (6) 

Comparison wi th the WLF-relat ion (I) demonstrates that wi th in the range of  
the ARRHENIUS l ike temperature dependence of  the shift factor,  the reference 
temperature Tg equals the c2g constant, and the Vogel temperature T~o reaches 
absolute zero. 

Supposing that the equi l ibr ium energy distr ibut ion is not perturbed by the viscous 
f low, the only physical sensefull temperature der ivat ive of  log a T is that with respect 
to the reciprocal temperature.  This assumption is suggested also by the ARRHENIUS 
type equation (6), taking into account the result ing re lat ion 
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d ( l ogaT) /d ( I /T )=  E/2,3R . (7) 

The corresponding der ivat ive of  the WLF-relat ion yields 

d(log aT)Id(11T) = clgc2gT21(c2g+T-Tg)2 = E(T)I2.3R . (8) 

The second r ight hand term is wr i t ten in analogy to the respective ARRHENIUS 
equation (7). It suggests in the WLF range a temperature dependent act ivat ion energy 
of the local f low which increases when approaching Tg. 

The equation claims an ext rem value o f  E(T) for T=Tq. This is meaningless because 
energy driven re laxat ion processes ar st i l l  possible be-low Tg except viscous f low. 
This may be an explanat ion too for the fact that the WLF-r~lat ion fai ls in v ic in i ty  
of  Tg 6). 

Kinetic origin of the constants of  viscous flow 

It has been shown already that E(T) is accessible d i rect ly  f rom exper imental  data, 
and that it may be computed f rom the rat io  of  the slopes at a given point of  the 
intersect ing isochrone and isotherm viscoelastic curves 7). Than the shift factor  
can be determined by integrat ion o f  equ. (8) 

I /T  / -  

log a T = I [E(T)I2.303R]d(I IT) (9) 

11Tg 

As a consequence log a T always is depending on the integrat ion constant, which 
is re lated to the reference temperature,  whereas E(T) is not. Consequently E(T) only 
wi l l  character ize the temperature dependence of the viscoelast ic behaviour of  a 
polymer system unequivocally. 

Some representat ive data of  the temperature dependence of  the act ivat ion energy 
of  f low are i l lustrated in Figure I .  The respective values for pol~(~n-octylmethacrylate) 
were calculated applying the or iginal data o f  FERRY et al. ~]. It is quite evident 
that for most of  the polymers the WLF range of  increasing act ivat ion energy of  
f low is restr icted, start ing around Tg + 50 o. Polystyrene seems to be an exception, 
wi th a broader WLF range 10). A decrease of  the temperature dependent act ivat ion 
energy very near T,~ is evident too. It may be an explanat ion o f  the fa i lure of  the 
WLF approach in tl~is range 6). It may be stated, however, that in the region o f  
polymer processing constant act ivat ion energy ei ther is given or val id approximate ly .  

The r ight hand terms in equ. (8) may be rearranged as fol lows 

[2.3 R/E(T)] 0-5 = [ I / c  I gc2g]0"5(1-Tg-c2g)/T = [c I gc2g]-O'S(1-To~ /T ) .  (I 0) 

The intersect ion wi th the coordinates of  this straight line, which corresponds to 
WLF behaviour o f  the viscoelast ic system, are 

(2.3R / E~o )0.5 = (I I clgc2g}0"5 for the ordinate 

(11) 

T = T= for the abscissa 
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Figure I : Apparent activation energy of f low versus reciprocal temperature for 
head-to-head polyvinylchloride (hh-PVC), poly(methylmethacrylate) (PMMA), poly(n- 
butylmethacrylate) (PB~/IA|, poly(n-octylmethacrylate) (POMA), poly(methacrylate) 
(PMA), polystyrene (PS) and poly(dimethylsiloxane) (PDMS) 

Thus, Too represents a cr i t ical  temperature at which the activation energy of 
f low gets in i f in i te and the viscous flow becomes impossible�9 When assuming that 
T~ equals T 2 of the GIBBS - DI MARZIO theory, Too wi l l  be the characteristic 
temperature at which the flow becomes entropically impossible. Similarly the E~o- 
value represents the characteristic activation energy of viscous flow at inf ini te 
temperature. It gives a measure of the energetic contribution to the f low process. 

A discussion of the role of these two characterist ic quantities in the compatible 
polystyrene - poly(vinylmethylether) blends is presented elsewhere 8). 

Equ. (11) evidences also that the product of the two WLF constants is related 
to the characterist ic activation energy Eoo 

c lgc2g= Eoo /2.303 R (12) 
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This last expression suggests a d i f fe rent  physical sense for the constants in the WLF- 
equation than the " f ree volume theory"  and the DOOLITTLE model of  viscous f low 
I), c lgc2g=Bl2.  3 A~f, where B is the constant o f  the Doo l i t t le  equation re lat ing 
the viscosity to the f ract ional  f ree volume and 6~f its expansion coef f ic ient .  

According to equ. (2), the c2g constant is given by the di f ference Tg - Too �9 Thus, 
the c l g  WLF constant wi l l  be re lated supplementary to the high temperature l imi t  
of  the act ivat ion energy of  f low 

c l g =  E=12.303  R ( T g - T o o )  (13) 

Applying the above defined constants, which are supported by kinet ic considerations, 
the WLF-relat ion may be re formulated as fol lows 

log a T = - (E oo12.303R (Tg-Too)[(T - Tg)I(T - Too )] (14) 

The assumed "universal i ty"  of  the WLF constants, c lgc2g = 899.9 K, claims for 
an "universal" Eoo value of  about 17.23 kJ mol - I  too. This means that the straight 
lines p lot ted accordingly to equ. (10) al l  wi l l  intersect the ordinat in the same point. 
This is demonstrated in Figure 2 by the small dot ted lines which connect the common 
intersect ion point on the ordinate wi th the respective Tg values o f  the polymers. 
It is evident, however, that this requirement of  "universal i ty"  of  the WLF constants 
is contradicted by the exper iment .  

The slopes of  some straight lines - computed using exper imental  E(T) data as 
obtained from the rat io  of  the slopes o f  isochrone and isotherm curves - are incident ly 
in acord only wi th the requirements o f  universal WLF constants. For most o f  the 
polymers shown in Fig.2 the slopes are quite d i f ferent ,  and the respective (full) lines 
are de l imi ted by the respective T a at the one end, and by the constant act ivat ion 
energy character ist ic  for the A R R I ~ N I U S  range of  f low (full hor izontal  line). 

Therefore, a de l im i ta t ion  of  the constant and of  the temperature-var iab le  ranges 
of  apparent act ivat ion energy of  f low is unequivocal with this type of  representat ion 
o f  viscoelast ic data. 

Extrapolat ion o f  the WLF domain straight lines yield not only the expected polymer 
specif ic Too values, but also the Eoo data from the intercept, which are also specif ic 
for a polymer. Table I presents the obtained values, together wi th the corresponding 
Tg, the Tg - Too di f ferences and the c l g  values computed according to equ. (13). 
It is evident that not only the product, but also the individual constants of  the WLF- 
re lat ion are specif ic for a polymer. The number of  the presented data appears to 
small, however, for a detect ion o f  trends and of  regular i t ies. 

An interesting observation induced by the data in Fig. 2 is the fact that the Tg'S 
may be connected by a (ful l  dotted) straight l ine approximately,  which intersects 
the abscissa at about 725 K. Apparent ly,  Tg and Too coincide at this l imi t ing 
temperature.  It may be worthwi le  to re f lec t  on the consequences. 

As the f inal  consequence, it can be concluded that the use of  E(T) data as computed 
f rom the slopes of  crossing exper imental  isochrone and isotherm curves substitute 
the WLF-relat ion in a favourable way. The crucial choise of  a suitable reference 
temperature is thus avoided. Supplementary, presentat ion o f  the data according 
to equ. (10) del imi ts  the temperature range o f  both WLF and ARRHENIUS type 
viscoelast ic behaviour. The transi t ion between the two regions is analyzable too. 
Extrapolat ion of  the range o f  temperature dependent act ivat ion energy of  f low yields 
the two specif ic k inet ic  constants, Eoo and Too, which character ize the energet ic 
and the entropic contr ibut ion to local f low. 



484 

103.E(T) -0-5 

10 ~ (mole/J] -0-5 

Q - . E � 9  

500 200 100 50 0 -50 -100 
J i i L i I 

. . .  W L F  range 

o- ,~- - -  T g  

~ - , ~ -  A r r h e n i u ~  range 

oC 

E(T) 
(k.l/mole) 

-- ""%'~'~" ' "~ ' 2 

. . . .  : . \  ....:: ...... 3 ...... .... ~ , . . "  - - ~ ' . \ , ' . . , - ~  ...... ......... ~ . . . . . . .  
~. ~ . .  ~ \  ".. . ~ .  " ' . .  " . . . ~  .. . . . .  �9 . . . . . . .  , , , "  

, , - , , ,  , , ,  ...... 
.... .::::....:~.-..4...~... ..... -~.. 

. . ~ % , . ~ ' . ~ ' , ~  6...., .... .~ - . . 

�9 . "..".~.".~,, ~ 8~_ ." "", ~ ; , 

I 

0 1 2 3 4 5 �9 6 7 
10O0/T (K -I ] 

Figure 2. Presentat ion of  v iscoelast ic data accordingly to  equ. (10) 
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TABLE I : WLF constants of some polymers 

Polymer Ref. Tg E= T= T g -  T~ c l g  

I .  Poly(d imethyls i loxane) 
2. Polybutadiene 
3. Poly(isobutylene) 
4, Po ly (n-oc ty lmethacry la te)  
5. Poly(v iny lmet  hylet her) 
6, Poly(n-hexamethy lacry la te)  

7) 148,0 8,08 79.8 69.2 6.11 
12) 171 13,03 108.9 62,1 10,97 

13-15) 201.5 33.43 99.6 101,9 17.16 
9) 203 31.SI 145,9 57.1 28,86 

11) 237.9 12,12 201.5 36.4 17,81 
16) 268 44,38 137.7 130,3 17.81 

7. Po ly(methy lacry la te)  17) 283 17.23 220.0 63.0 14,30 
8. Po ly [n-buty lmethacry la te)  15,17) 285.8 31,18 200.7 85.1 19.16 
9. Poly(v iny lacetate)  18,19) 305 17.23 255,4 49.6 18.17 

10. Po ly(e thy lmethacry la te)  20) 338 22.64 267.6 70,4 16.82 
11. Polystyrene 10} 373.0 31.18 294.4 36,4 17,14 
12, Polystyrene 20,21) 373 12,12 322.6 50,4 12,58 
13, Po ly (methy lmethacry la te)  15,20) 386.8 52.59 299.3 87.5 31,42 

x [cis) 

X 

X 

X 

X 

X 

x : Tg data f rom Polymer Handbook 24) 
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